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Abstract 

We classify stably simple reducible curve singularities in complex spaces of any dimension. This extends 
the same classification of of irreducible curve singularities obtained by V. I. Arnold. The proof is essentially 
based on the method of complete transversals by J. Bruce et al. 

1 Introduction 

Classification of simple curve singularities has been discussed in a number of papers. J. W. Bruce and 
T. J. Gaffney have classified irreducible plane curves in §. In § C. G. Gibson and C. A. Hobbs gave the 
classification of irreducible simple curve singularities in the 3-dimensional complex space. M. Giusti in |(| clas- 
sified simple complete intersection singularities in the 3-dimensional complex space. In [Q A. Friihbis-Krger 
classified so called simple determinantal singularities. Classification of irreducible (stably) simple curve singu- 
larities in a linear complex space of any dimension was made by V. I. Arnold Q. We consider reducible curve 
singularities in a linear complex space of any dimension and give the list of stably simple ones. 

An irreducible curve singularity at the origin in C n can be described by a germ of a complex analytic 
map / : (C, 0) — > (C™, 0). Let L (respectively R) be the group of co-ordinate changes in (C™, 0) (respectively in 
(C, 0)), i.e., the group of germs of non-degenerate analytic maps (C n ,0) — > (C n ,0) (respectively (C,0) — > (C, 0)), 
let A = L x R. The group L (respectively R) is called the group of left (respectively right) co-ordinate changes. 
The group A acts on the space of germs of maps / : (C, 0) — > (C ra , 0) (or of curves) by 

(g, h) ■ f := g o / o h" 1 g 6 L, h E R. 

Two germs of curves / and /' are equivalent if they lie in one orbit of the A-action. 

A germ / is simple if there exists a neighbourhood of / in the space of germs which intersects only finite 
number of ^4-orbits. We consider the space of germs with standard Whitney's topology: the basis of the topology 
consists of coimages of open sets in a space of fc-jets for any k. A germ / is stably simple if it remaines simple 
after the natural immersion C" C N . 

A reducible curve singularity is determined by a collection of maps (C, 0) — * (C ra ,0). 

Definition: A multigerm in C™ is a set F — (fx, ... , fk) of germs of analytic maps fi : (C, 0) — » (C™, 0), where 
Im fi n Im fj = {0} for i ^ j (fi,. . . fk are called components of the multigerm). 

Let A = L x Rm\ x ... x R(k)> where ify) is (the i-th copy of) the group of right equivalences. The group 
A (of right-left equivalences) acts on the space of multigerms by the formula 

(g,hi, ...h k ) ■ (ft, ...fk) = (.9 ° fi° K 1 , ...,g°fk° K 1 )- 

Definition: A multigerm F = . . . , fk) is called simple if there exists a neighbourhood of F in the space of 
multigerms which intersects only finite number of A-orbits. It is stably simple, if it remaines simple after the 
immersion C" C N . 

Definition: Two multigerms F and F' in C™ are equivalent if they lie in one orbit of the A-action. 
We shall classify stably simple multigerms with respect to the stable equivalence, sec [Q. 

* Accepted for publication in Revista Matematica Complutense 
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2 Statement of the classification 

Denote by G„ a multigcrm consisting of co-ordinate axes in C™, more exactly 

(ti, o, ... o) 



(o, t 2 , 



0) 



(o, 0, ... t n ) 

We denote by (t m x fc) an irreducible curve of the form (t m , . . . , t m ). 



The aim of the paper is to prove the following result. 

Theorem. Every stably simple multigerm up to permutation of curves is stably equivalent to one and only one 
multigerm from the following list (m, n, k and I are natural numbers): 

1 Pairs of curves with regular first component 

The first component is equal to (t, 0). We write only the second one. 

1.1 Multigerms with both regular components 

1. (0,t) 2. (t,t k ) 

1.2 Multigerms with the second component of multiplicity 2 



l. (t 2 ,t 2m+1 ) 

4. (t 2 ,t 2m + 1 +t 2n ,t 2s ) m<n< S <2m 

7. (t 2 ,t 2n +t 2m + 1 ,t 2s + 1 ) n<m<s<m+n 

1.3 Pairs with the 3-jet ((i,0), (0,i 3 )) 



2. (t 2 .t 2 



2 + 2n , + 2m+l 



5. (r,r n +t 
8. (t 2r+1 ,t 2 ) 



!+t 2 ") 
) 



m<n<2m 



3. (t 2 ,t 



2 f 2m+l + 2n 



m<n<2m 



(t 2 ,t 2n ^ m+L ) n<m 
(0,t 2 ,t 2r+1 ) 



1. (t 
3. (t 



■t S ) 



3m+l t 3 + 3n + 2 



t ii ,t d " + ) m<n<2m 



3m+l +( 3«+2 t 3 



,i ) m<n<2m 



5. (t 3m+2 .t 3 ) 



2. (t 
4. (i 3 

6. (i 3m+2 ,t 3 ,t 3 " +1 ) m<n<2m+l 



3m + l_|_ t 3re + 2 f 3 ^31 + 2 



,t 3 ,t 3I+2 ) m<ii<l<2in 



7. (t 



3 m + 2 +t 3n+l f 3 



m<n<2m 
9. (0,t 3 ,t 3m+1 ) 

11. (t 3! + 2 ,t 3 ,t 3m+1 +t 3,,+2 ) m<n<;<2m, besides n=Z=2m-l 



3m+2 , f 3n + l ,3 ,31 + 2 



+*' 

3n+2 ( 3 t 3m + l 



) m<n<2m 



13. (t 



15. (0,t 3 ,t 



3i + l f 3 f 3m + 2, t 3n + l 



m<n<;<2m, besides n=l=2m 



8. (t 
10. (t 
12. (0,t 3 ,t 3m + 2 ) 

14. (t 3 " +1 ,t 3 ,t 3m+2 ) m<n<2m 



) m<n<l<2m+l 



3 ,3m + l f 3n + 2 



) m<n<2m 



17. (0,t 3 ,t 3m + 1 +t 3 "+ 2 ,t 3, + 2 ) m<n</<2m 
19. (0,t 3 ,t 3m+2 +t 3 ™ + 1 ) m<n<2m 

1.4 Multigerms with the 3-jet ((t, 0), (i 3 , 0)) 



16. (0,t 3 ,t 



18. (0,f ,t 



3 f 3m + l +t 3n + 2 



3 +3m + 2 .3n + l 



2 ) m<n<2m-l 
L ) m<n<2m 



20. (0,* 3 ,t 3m+2 +t 3 " + 1 ,t 3, + 1 ) m<n<K2m 



9. (t 3 ,i 5 ,i 6 +t 7 ) 
13. (t 3 ,i 5 +i 6 ,t 9 ) 
17. (t 3 ,t 5 +t 6 ,t 12 ) 
21. (t 3 ,t 5 +t 9 ) 



8. (t 3 ,t S ,t 6 ) 

10. (t 3 ,t 5 ,t 6 ,t 7 ) 11. (t 3 ,i 5 +i 6 ,i 7 ) 12. (t 3 ,t 5 +t 6 ,t 7 ,t 9 ) 
14. (t 3 ,t 5 ,t 7 ) 15. (t 3 ,t 5 ,t 7 ,t 9 ) 16. (t 3 ,t 5 ,t 9 ) 

18. (t 3 ,t 5 +t 6 ) 19. (t 3 ,t 5 ) 20. (t 3 ,i 5 ,t 12 ) 

22. (t 3 ,i 5 +t 9 ,i 12 ) 23. (t 3 ,t 6 ,t 7 ,t s ) 



1.5 Multigerms with the 4-jet ((i, 0), (0, t 4 )) or ((i, 0), (t 4 , 0)) 

1. (t s ,i 4 ,t 6 ,* 7 ) 2. (t 6 ,t 4 ./°,t 7 ) 3. (0,t 4 ,t 5 ,t 7 ) 4. (0,t 4 ,t 5 ,t 6 ) 

5. (0,t 4 ,t s ,t 6 ,t 7 ) 6. (t 7 ,t 4 ,t 5 ,* 6 ) 7. (0,t 4 ,t 6 ,t 7 ,t 9 ) 8. (0,t 4 ,t 6 ,t 7 ) 



1.6 Curves with the 5-jet (0,i 5 ) 

1. (t 9 ,t s ,t 6 ,t 7 ,t s ) 2. (0,t 5 ,t 6 ,t 7 ,* 8 ) 3. (0,t 5 ,t 6 ,t 7 ,t s ,t 9 ) 4. (t s ,t 5 ,t 6 ,t 7 ,t 9 ) 5. (O,* 5 ,* 6 ,* 7 ,* 9 ) 
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2 Pairs of curves with singular components 



2.1 Infinite series 

The first component is equal to (t 2 , t 2m+1 ). We write only the second component (here m < n). 



1. (t 2 "+\t 2 ) 2. (t 2 "+\t 2 ,t 2 "+ 3 ) 3. (0,t 2 ,t 2 ™ +1 ) 
4. (t 2 " +1 ,0,t 2 ) 5. (0,t 2 "+\t 2 ) 6. (0,0,t 2 ,t 2 ™ +1 ) 



2.2 Individual singularities 

First component is equal to (t 2 ,t 3 ). 



1. (t 2 ,o,t 3 ,* 4 ) 

5. (t 5 ,0i 3 ,t 4 ) 



2. (t 2 ,0,f 3 ) 
6. (0,0, t 3 ,* 4 ) 



3. (0,0,t 3 ,t 4 ,t 5 ) 4. (0,t 5 ,t 3 ,t 4 ) 



7. (0,t 4 ,t 3 ,t 5 ) 



(t ,0,i 3 ,t 5 ) 



9. (0,0,t 3 ,t 5 ,t 7 ) 10. (0,t 7 ,t 3 ,t 5 ) 11. (t 7 ,0,t 3 ,* 5 ) 12. (0,0,t 3 ,t 5 ) 

3 Multigerms with regular components 

1. G„ 2. G n ,(txk,0>-,0) l<fe<n 3. G„ ,(t,t m x fe,0,...,0) l<fc<n, m>l 

4. G„,(t,0x(n-l),t m ) m>l 5. (ti ,0,0) , (t 2 ,* 2 ,0) ,(t 3 ,0,t 2 ) 

4 Multigerms with one singular component 

4.1 Series with any number of regular components 

The regular part is equal to G n , n>2. We write only the singular component. 



1. (0xn,t 2 ,t 2m+1 ) 

3. (t 2 xfc,0x(n-fc),t 3 ) Kk<n 

5. (t 2 ,t 4 xfe,0x(n-fe-l),t 3 ) 0<fe<r 

7. (t 5 xfe,0x(n-fe),t 3 ,i 4 ) 0<k<n 

9. (0xn,t 3 ,f 5 ,t 7 ) 



2. (t 2m+1 xfe,0x(n-*;),t 2 ) l<k<n 
4. (i 2 ,0x(n-l),t 3 ,* 4 ) 
6. (0xn,t 3 ,t 4 ,t 5 ) 

8. (t 4 xfc,0x(n-fc),t 3 ,* 5 ) a<k<n 

10. (t 7 xfe,0x(n-fc),t 3 ,t 5 ) l<k<n 



4.2 Infinite series with two regular components 

The regular part is equal to G2. We write only the singular component. 



m>2 

m> 1 
t 2n ) m<n<2m 
* 2 ™,i 2! ) m<n<l<2m 



I. (t 2 ,t 2 ,i 2m+1 ) 
3. (t 2 ,t 2 +t 2m+1 ) 
5. (t 2 ,t 2 ",t 2m + 1 +t 2 ") 
7. (t 2 ,0,t 2m+1 +t 2 ",t 2! ) . 
9. (t 2 ,0,t 2m+1 +t 2 ™) m<n<2m 

II. (t 2 ,t 2m+1 ,t 2 ") m<n<2m+l 
13. (i 2 ,i 2m+1 +i 2 ™) m<n<2m 
15. (t 2 ,0,t 2m ,t 2 " +1 ) Km<n 

17. (t 2 ,Q,t 2m +t 2n + 1 ,t 2l + 1 ) m<n<l<m+n 
19. (t 2 ,0,t 2m +t 2 " + 1 ) Km<n 
21. (t 2 ,t 2 "" 



2. (t 2 ,t 2 +t 2 



+ 1 t 2m + 3 



) m>l 



4. (i 2 ,0,t 2m+1 ,t 2 ™) m<n<2m 
6. (t 2 ,t 2 ",t 2m+1 ) m<n<2m 
8. (t 2 ,t 2l ,t 2m+1 +t 2n ) m<n<l<2m 
10. (t 2 ,0,t 2 



~ t +t 2n+1 ,t* l+1 ) m<n<l<rn+n 



12. (f 

14. (t 2 

16. (t 2 

18. (t 2 

20. (t 2 

22. (t 2 



l +t 2n ,t 21 ) m<n<l<2m+l 



t 2m+l ) 

t 2n+1 ,t 2m ) m<n 



.21 + 1 ^2m,^2n + l 



) m<n<l<m+n 



l ) Km<n 
hl ) Km<n 



4.3 Individual singularities 

The regular part is equal to G2. 



5. (0,0, t 4 ,t s ,t 6 ,t 7 ) 6. (t 7 ,t 7 ,i 4 ,t 5 ,t 6 ) 
9. (t 6 ,* 6 ,* 4 ,* 5 ,* 7 ) 10. (t 6 ,0,t 4 ,t 5 ,t 7 ) 

4.4 Series with the regular part ((ii,0), (£2,^2)) 



3. (t 3 ,*",* 4 ,* 5 ) 4. (t 3 ,o,t 4 ,t 5 ) 

7. (t 7 ,0,t 4 ,t 5 ,t 6 ) 8. (0,0, t 4 ,t 5 ,t 6 ) 
11. (0,0, t 4 ,t s ,t 7 ) 



1. (0,0,t 2 ,t 2m+1 ) 2. (0,t 2m+1 ,t 2 ) 3. (t 2m+1 ,0,t 2 ) 

5 Multigerms with two singular components 
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These multigerms contain three components. The first and the third components are (t, 0, 0, 0) and (0, 0, t\, t\) 
correspondently. In the following list m > 1. 

1. (0,i?,0,0,t? m+1 ) 2. (t 2 1 m +\t 2 1 ,0,t 2 1 m+1 ) 3. (0,t?,0,^ m + 1 ) 

4. (t 2 1 m+1 ,t 2 1 ,tl m+1 ,0) 5. (0,t?,t? m+1 ,0) 6. (tf*+\t?,0,0) 

We denote by i.j.fc the A;-th multigerm from part i.j of the list. 

3 The methods of classification 

Let / be a germ of a curve in (C",0). Since / is a germ of an analytic mapping it can be represented by a 
power series. 

Definition: The power of the first non-zero monomial in the power decomposition of / is called the multiplicity 
of/. 

We shall also use the concept of invariant semigroup of / from || section 4] . 

By M n denote the ring of germs of analytic maps (C n ,0) — > (C, 0). M n is ideal in the ring of germs of 
analytic maps (C n , 0) — * C. 

Definition: Let / be a germ of a curve in (C n ,0). For any (j> : (C, 0) — > (C, 0) there is a natural valuation 
ord : <p i— > ord</>, where ord0 is the order of the power decomposition of <f> at 0. Note that ord is a semigroup 
homomorphism. Sk(f) = ord f*(M%) is called an invariant semigroup, since it is an A-invariant of /. So(f) is 
called the (classical) value semigroup. 

Definition: Let p be the smallest positive integer in the value semigroup, and q be the smallest integer in the 
semigroup which is greater than p and is not a multiple of p. We refer to p as the multiplicity of the germ, and 
to the pair (p,q) as the invariant pair (see ||). 

Denote by A r the subgroup of A consisting of those A-changes whose r-jet is equal the identity, A r < A. 
We use the following statement (see ||, Proposition 4.2]). 

Lemma 1. Let f be a germ of a curve in (C™,0) with n > 2. Then the largest integer Nk which is not in the 
invariant semigroup Sk(f) is at the same time the degree of L^^iydeterminacy of f. 

Now we shall formulate a very important theorem from Q . 

Lemma 2 (Mather; see Let G be a Lie group acting smoothly on a finite dimensional manifold V. Let 

X be a connected submanifold ofV. Then X is contained in a single orbit of G if and only if 

1. for each x S X the tangent space T X X <zT x (G ■ x) 

2. dim T X (G ■ x) is constant for all x £ X . 

We shall use the statement in the following situation. V is a space of m-jets of multigerms with k components. 
G = A(' m ' > the group of m-jets of A-changes. 

Lemma 3 (The method of complete transversals). Let F be a multigerm in (C n ,0) with k components 
and let j m F be the m-jet of F. Let T be a vector subspace of the space H m+1 of homogeneous polynomial 
multigerms of degree m + 1 with k components in C" such that 

T(4 m+1) ■F)+TDH < - m+1 l 

Then any (m + l)-jet with m-jet j m F is A 1 ]" 1 ^^ -equivalent to F + t for some t G T . 

This statement can be derived from the Proposition 2.2 from || . The space T is called a complete transversal. 
Sometimes the (affine) space F + T is also called a complete transversal. 

The general method is the following. We fix the 1-jet of a multigerm and move to higher jets using the 
method of complete transversals. When we obtain a complete transversal we try to simplify it using the Mather 
Lemma. If we obtain finite number of jets we consider each of them separately. If our m-jet is m-determincd 
we add it to our list. If we obtain a family which can be parameterised by a parameter (or by parameters) 
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we conclude that this jet and all jets adjacent to it are not simple. To prove that a given fc-jet is not simple 
we often use the following observation. We consider a special submanifold M C J k that contains the jet. We 
prove that the tangent space to the AW-orbit does not contain the tangent space to M at any point of it, so 
each point of M is not simple. In particular, if the dimension of the tangent space to A*- fe '-orbit is less than the 
dimension of the submanifold M, then each point of M is not simple. 

Sometimes (as in |ffl]) we denote a germ (t m + t n , t k , . . .) by ((m, n), fc, . . .). 

Part I 

Multigerms with two components 

4 Pairs of curves with one regular component 

4.1 Multigerms with both components regular 

We refer to a curve as regular if it can be reduced to the form (i, 0, 0). In this part we assume that the first 
component of a pair is regular and has been reduced to the normal form. 

Lemma 4. A pair with two regular components is equivalent to one of the multigerms 1.1.1 or 1.1.2. 

Proof. 1-jet of the second component is (at, bt) which is equivalent to (t, 0) or (0, t). Consider the first case. Let 
fc be the minimal number such that the fc-jet is not (t, 0) (if k is infinity then the pair is not simple). Then the 
multigerm is fc-determined and is equivalent to ((t, 0), (t, t k )). In the second case the multigerm is 1-determined 
and we obtain the normal form 1.1.1. □ 

4.2 Multigerms with the second component of multiplicity 2 

Now assume that the 1-jet of the second component is trivial. The nontrivial 2 -jet is equvalent to (t 2 ,0) or 

(o,* 2 ). 

Lemma 5. The second components with the 2-jet (i 2 ,0) or (0,i 2 ) are equivalent to 1.2.1-1.2.9. 

Proof. Suppose the 2-jet of the second component is (i 2 ,0). Let k be the minimal number such that the fc-jet 
is not {t 2 ,0). 

Suppose fc is odd and is equal to 2m + 1. Then the fc-jet is equivalent to (t 2 , t 2m+1 ). If there are no more 
nontrivial monomials then we obtain the normal form 1.2.1 since it is at most 4m-determined. Note that a 
complete transversal in J™ is trivial for odd n. Therefore a nontrivial complete transversal, for some n < 2m, is 

(t 2 ,t 2m+1 + U 2n ,ct 2n ). 

If c ^ then we obtain the normal form 1.2.3. If, for all fc > 2n, the fc-jet equals the 2n-jet then we obtain 
the normal form 1.2.2, otherwise, for some s in J 2s , a complete transversal lies in 

{t 2 ,t 2m+1 + t 2n + bt 2s ,ct 2s ), n<s<2m. 

If c ^ then we obtain the normal form 1.2.4. Let c = 0. The tangent space to A 2s contains the vectors 
(2t 2+2s - 2n ,2nt 2s + (2m+l)t 2 ( m+s - n '> +1 ), (t 2+2s - 2n , 0), (i 2s ,0) and (0, f2(m+s-«)+i + fisy Therefore we obtain 
the normal form 1.2.2. 

Consider the case when fc is even and is equal to 2n, i.e., when the fc-jet is equivalent to (t 2 , t 2n ). Let 2m+ 1 
be the minimal order of jet which is different from (t 2 ,t 2n ). In J 2m+1 it is equvalent to 

{t 2 ,t 2n + bt 2m+1 ,ct 2m+1 ), m>n 

If c =/= then the second component is equivalent to the normal form 1.2.6. Suppose c = 0. Then the 
(2m + l)-jet is equivalent to (t 2 , t 2n + t 2m+1 ). If the higher jets are equal to the (2m + l)-jet then we obtain 
the normal form 1.2.5. In the other case there exists J 2s+1 where a complete transversal is 

1.2 ,2n , .2m+l „+2s+l\ 
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Note that the tangent space to the A 2m+2n+1 -orbit contains the vectors (0, 0, t 4n + 2t 2 ( m +™)+ 1 ), (0, 0, t 4n + 
t 2m+2 ™ +1 ) and therefore the vector (0, 0, i 2m+2n+1 ). It gives the restriction s < m + n. 

If c ^ then we obtain the normal form 1.2.7. Otherwise the second component is equivalent to 
the normal form 1.2.5 since the tangent space to the ^4 2s+1 -orbit contains the vectors (i 2s+1 ,0,0) and 
(2t 2+2s - 2m , 2nt 2n+2s - 2m + (2m + l)t 2s+1 ), (0, t 2n+2s - 2m + t 2s+1 ). 

Suppose that the 2 -jet is (0, t 2 ). If, for all k > 2, the fc-jet is equal to the 2-jet then the multigerm is not 
simple. Otherwise the second component is equvalent to the normal form 1.2.8 or 1.2.9. □ 

4.3 Pairs with the 3-jet ((t,0), (0,t 3 )) 

Lemma 6. Any simple pair of curves with the 3-jet ((t, 0), (0, t 3 )) is equivalent to one of 1.3.1-1.3.20 

Proof. In J 3m a complete transversal is trivial. In J 3m + 1 it is equivalent to 

{at 3m+1 ,t 3 ,bt 3m+1 ). (1) 

We can eliminate the monomials in the other co-ordinates by simple permutation of co-ordinates and left 
equivalences. 

If b ^ we obtain the (3m + l)-jet (0, t 3 , t 3m+1 ). This jet is (6m — l)-determined. A complete transversal 
in J 3n+1 is trivial. If n < 2m a complete transversal in J 3n + 2 is equivalent to 

(ct 3n+2 ,t 3 ,t 3m+1 + dt 3n+2 ,et 3n + 2 ). (2) 

If e ^ we obtain the normal form 1.3.15. If e = and c=^0we obtain 1.3.10 if d = or 1.3.11 (n = I) if d ^ 0. 
In the last case, if n = I = 2m - 1 we obtain (f 67 ™" 1 ,* 3 , t 3m+1 +t 6m - 1 ). The tangent space to the A^-^-orbit 
contains the vectors (0,3t 3m+1 , (3m + l)* 6 ™" 1 ) and (0, i 6 " 1 " 1 , 0), so, using the Mather Lemma, we obtain the 
normal form 1.3.10. If c = and d ^ our jet is equivalent to (0, t 3 , t 3m+1 +t 3n+2 ). We have to move to higher 
jets. A complete transversal in J 3l+2 , where n < I < 2m, is equivalent to 

(at 3l+2 ,t 3 ,t 3m+1 +t 3n+2 ,bt 3l+2 ) 

since the tangent space to A {3 Z+2) -orbit contains the vectors (0, (3m + i) t 3(m+i-n)+i + ( 3n + 2)t 3l+2 ) and 
( 0)t 3(m+J-n)+i + If fe ^ we obtain the normal form 1.3.17. If b = and a ^ we obtain 1.3.11. If 

a = b = for every I such that n < I < 2m we obtain 1.3.16. If in (2) c = d = 0, for every n such that 
m <n < 2m we obtain 1.3.9. Similar reasonings with the (3m + 2)-jet (0,i 3 ,i 3m+2 ) produce the normal forms 
1.3.12-1.3.14 and 1.3.18 -1.3.20. 

Let's now suppose that 6 = and a ^ in (1). We obtain the (3m + l)-jct {t 3m+1 , t 3 ). This jet is (6m + 2)- 
determined. A complete transversal in J 3n+1 is trivial. If m < n < 2m then a complete transversal in J 3n + 2 is 
equivalent to 

(t 3m+1 +ct 3n+2 ,t 3 ,dt 3n+2 ). (3) 

If d± Owe obtain the normal form 1.3.2. If d = and c ^ we obtain the (3n+2)-jet (t 3m+1 +t 3n+2 , t 3 ). If n = 
2m we have the (6m + 2)-jet (t 3m+1 +f 6m+2 , t 3 ). Since the tangent space to the ^4 6m+2 -orbit contains the vectors 
((i 2 , 0), (i 6m + 2 , 0)) and ((2t 2 , 0), (0, 0)) (here we write both components), we obtain (t 3m+1 , t 3 ), i.e., the normal 
form 1.3.1. If n < 2m we move to the higher jets. Consider a complete transversal in J 3l+2 , where n < I < 2m. 
Since the tangent space to the Af +2 -orbit contains the vectors ((3m + l)i 3 ( m +'-")+i + (3 n + 2)t 3l+2 , 3i 3( ^™ +1) ), 
(i3("H-«-")+i +t sl + 2 ,0) and (0,< 3 ( i "™+ 1 )), a complete transversal is equivalent to 

(t 3m+1 +t 3n + 2 ,t 3 ,ht 3l+2 ). 

If h ^ we obtain the normal form 1.3.4. If h = 0, for any I such that n < I < 2m we obtain 1.3.3. If in (3) 
c = d = 0, for any n such that m < n < 2m we obtain 1.3.1. Similar reasonings with the (3m + 2)-jct (3m + 2, 3) 
produce the normal forms 1.3.5-1.3.8. □ 
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4.4 Multigerms with the 3-jet ((t, 0), (t 3 , 0)) 



We begin with the following lemma. 

Lemma 7. A pair, the second component of which has the 8-jet (t 3 ,t 6 ,t 7 ), is not simple. 

Proof. Let X be the 1 1-dimensional space 

(M 3 + a 2 t 4 + a 3 t 5 + a 4 t 6 + a 5 t 7 + a 5 t 8 , ht 6 + b 2 t 7 + b 3 t 8 , Cl t 7 + c 2 t 8 ). 

Let i be a point of X with nonzero co-ordinates: a% 7^ 0,bi 7^ 0, c,; 7^ 0. For a group G acting on the J 8 denote 
by Xg the intersection T X X n T x (Gx), where T^X is the tangent space to X and T x {Gx) is the tangent space 
to the G-orbit of the point x. Let's evaluate the dimension of X^s. The group A 8 is the product of L 8 and R 8 . 
If I ox £ X, where I is a L 8 -change and a; is a point of X then, for any i? 8 -change r, the point !oj;o r~ 1 lies out 
of X. Moreover if I o & o r -1 is a point of X then the points x o r _1 and / o a; lie in X too. It means that a vector 
v from X^s is the sum of some vectors v\ G X^s and v 2 € X^s. Therefore X^s is the sum of Xrs and X^s. 
X fl s is the 6-dimensional space and includes the vectors (i 6 , 0, 0), (t 7 , 0, 0), and (t 8 , 0, 0), since these vectors are 
the linear combinations of (3M 6 + Aa 2 t 7 + 5a 3 i 8 ,0,0), (Za^ 7 + 4a 2 i 8 ,0,0) and (3ai* 8 ,0,0). The preimage of 
X L s with respect to the tangent mapping g : T e L 8 — ► J 8 is 

< (x, 0, 0), (y, 0, 0), (z, 0, 0), (0, y, 0), (0, 0, z), (0, z, 0), (x 2 , 0, 0) > . 

Therefore the intersection X R s n X £ s is at least 3-dimensional (it contains the vectors g(x 2 ,0, 0), 0,0), 
(/(z, 0, 0)) and the dimension of X^s is not more than 10. This implies that any open neighbourhood of a point 
x intersects with infinite number of different orbits. □ 

Lemma 8. Second components of simple multigerms with the 4-jet (£ 3 ,£ 4 ) are classified by 1.4.1-1.4.7. 

Proof. First note that the second component is at most 9-determined and a complete transversal in J 7 and J 8 
is trivial. A complete transversal in J 5 is (t 3 ,t 4 + bt 5 ,ct 5 ). If c ^ then the 5-jet is equivalent to (t 3 ,t 4 ,t 5 ). 
Therefore we obtain the normal forms 1.4.2 and 1.4.3. Suppose c = 0. Then the 5-jet is equivalent to (£ 3 ,i 4 ). 
In J 6 a complete transversal is (t 3 , t 4 + bt 6 , ct 6 ). If c 7^ then we obtain the normal form 1.4.6. Suppose c = 
and b 7^ then the second component is equivalent to the normal forms 1.4.4 or 1.4.5. If c = and b = then 
there are two possibilities: the normal form 1.4.1 or 1.4.7. □ 

Lemma 9. Second components of simple multigerms with the 5-jet (t 3 7 t 5 ) are classified by 1.4.8-1.4.22. 
Proof. A complete transversal in J 6 is 

(t 3 ,t 5 + bt 6 ,ct 6 ). 

Consider c ^ 0. Then the multigerm is 7-determined and we obtain the normal forms 1.4.8-1.4.10 Suppose 
c = and b ^ 0. A complete transversal in J 7 is (t 3 , t 5 + t 6 + et 7 , ft 7 ) which is equivalent to (t 3 , t 5 + t 6 , ft 7 ) 
since the tangent space to the A 7 -orbit contains the vectors (t 7 , 0, 0), (3i 5 , 5i 7 , 0), (t 5 + t 6 , 0, 0) and (t 6 , 0, 0). If 
/ 7^ then the multigerm is 9-determined and we obtain the normal forms 1.4.11 and 1.4.12. Suppose / = 0. A 
complete transversal is not trivial only in J 9 and J 12 . Since (t 3 , t 5 + t 6 + at 9 ) is equivalent to {t 3 , t 5 + t 6 ) (the 
tangent space to A 9 includes the vectors (0, 5t 8 + 6t 9 ) and (0, t 8 )) we obtain the normal forms 1.4.13, 1.4.17 and 
1.4.18. 

Consider the case c = and 6 = 0. As above a complete transversal in J 7 is equivalent to (t 3 , t 5 + ht 7 ,gt 7 ). 
If g 7^ then we obtain the forms 1.4.14 and 1.4.15. Suppose g = 0, then the 7-jet is equvalent to (t 3 ,t 5 ). Note 
that a complete transversal is not trivial only in J 9 and J 12 . In J 9 it is equivalent to (t 3 , t 5 + ht 9 , It 9 ). If I 7^ 
we obtain the normal form 1.4.16. Consider I — 0. There are two cases: h = and h 7^ 0. In the first case a 
complete transversal in J 12 is equivalent to (t 3 , t 5 , It 12 ) and we obtain two normal forms: 1.4.19 and 1.4.20. In 
the second case we obtain the 9-jet (t 3 ,t 5 + t 9 ) which produces the normal forms 1.4.21 and 1.4.22. □ 

Note that from Lemma fj] it follows that if the 6-jet of the second component is equal to (t 3 ,t 6 ) then the 
component is equivalent to (t 3 ,t 6 ,t 7 ,i 8 ). Therefore one has 

Lemma 10. The only multigerm with the second component's 6-jet (t 3 ,t 6 ) is equivalent to ((t, 0), (t 3 , t 6 , t 7 , t 8 )), 
i.e., to 1.4.23. 
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4.5 Multigerms with the 4-jet ((t, 0), (t 4 , 0)) or ((t, 0), (0, t 4 )) 
The list is limited by the lemma. 

Lemma 11. Multigerms with the 7- jet 

(axt 4 + ... + a 4 t 7 , bit 4 + ... + b 4 t 7 , Cl t 4 + ... + c 4 t 7 ). 
of the second component are not simple. 

Proof. As in the Lemma [j] consider the 12-dimensional space X: 

(axt 4 + ... + cut 7 , bit 4 + ... + bit 7 , Cl t 4 + ... + c 4 t 7 ). 

In a point x with nonzero co-ordinates a, ^ 0, hi / 0, Cj ^ the dimension of X L 7 is 7 and the dimension of 
Xr7 is 4. Therefore the dimension of X^s is not more than 11. From this it follows that, for any neibourhood 
U(x) of x, the number of orbits which intersects U(x) is infinite. □ 

Lemma 12. The second components of simple multigerm with A-jet (Q,t 4 ) are classified by 1.5.1-1.5.9. 
Proof. In J 5 a complete transversal is 

(at 5 ,t 4 ,bt 5 ). 

Let b ^ 0. A complete transversal in J 6 is (ci 6 , t 4 , t 5 + dt 6 , ft 6 ). If / = 0, then from Lemma [ll] it follows that 
there are two simple components (i 6 , t 4 , t 5 , t 7 ) and (0, t 4 , t 5 , t 7 ). Consider / ^ 0. Then the 6-jet is equivalent to 
(0,t 4 ,t 5 ,t 6 ). It produces the forms 1.5.4, 1.5.5 and 1.5.6. 

Let a ^ and 6 = 0. Then the 5-jet is equivalent to (t 5 , t 4 ) and a complete transversal in J 6 lies in 

(t 5 + dt e ,t 4 Jt 6 ). 

Note that if / = 0, then the pair is adjoint to the pair of Lemma [ll] and therefore is not simple. So the 6-jet is 
equvalent to (t 5 , t 4 ,t e ). From Lemma [ll] we obtain that a simple component with such a 6-jet is equivalent to 
{t\t 4 ,t\t 7 ). 

Let a = 0, b = 0. A complete transversal in J 6 lies in (ct 6 ,t ,dt 6 ). Suppose d = 0, then the component is 
adjoint to the component of the Lemma 11. So d ^ and the 6-jet is equvalent to (0, t 4 , t e )e- From Lemma [ll] 
it follows that the 7-jet is equivalent to (0, t 4 , t 6 , t 7 ), what produces the last three forms. □ 

Now consider multigerms with the second component (t 4 , 0)4. From Lemma [ll] it follows that its 7-jet is 
equivalent to (t 4 ,t 5 ,t 6 ,t 7 ). It is 8-determined, therefore we obtain two multigerms more: 

Lemma 13. The second components of a simple multigerm with i-jet (t 4 ,0) has one of two forms 1.5.10 or 
1.5.11. 

4.6 Curves with the 5-jet (0,t 5 ) or (t 5 ,0) 
First consider the multigerms with the 5-jet ((t, 0), (0,i 5 )). 

Lemma 14. Pair of curves with the 9 -jet ((t,0), (t 8 ,t 5 ,t e ,t 7 )) is not simple. 
Proof. The dimension of the space X: 

(ait 8 + a 2 t 9 , M 5 + b 2 t 6 + ... + b 5 t 9 , Cl t 6 + ... + c 4 t 9 , d x t 7 + ... + d 3 t 9 ) 

is 14. At the point with nonzero co-ordinates the dimensions of Xr9 is not more than 5 and that of X^g is 7. 
Therefore the dimension of X^9 is less than 14 and the pair is not simple. □ 

Lemma 15. The second components of a simple multigerm with the 5-jet (0,i 5 ) has one of the forms 1.6.1 — 
1.6.5. 
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Proof. From Lemma [IT] it follows that the 7-jet of the second component is equivalent to (0, t 5 , t 6 , t 7 ). A 
complete transversal in J 8 lies in 

(at 8 ,t 5 ,t 6 + bt 8 ,t 7 + ct 8 ,dt 8 ). 

If d ^ then we obtain the first three normal forms. Otherwise the 8-jet is equivalent to (at 8 ,t 5 ,t 6 ,t 7 ). 
Lemma |l4| implies that the 9-jet is equivalent to (at 8 , i 5 , i 6 , i 7 ,t 9 ) and we obtain the normal forms 1.6.4 and 
1.6.5. □ 

Multigerms with the 5-jet ((t, 0), (t 5 , 0)) are not simple since they are adjoint to the multigerm of Lemma |TT|. 
By the same reason there are no more simple pairs with regular first component. 

5 Pairs of curves with singular components 

Here we denote parameters on both components by t. 

Lemma 16. Pair of curves with the 3-jet ((t 2 ,t 3 ), (t 2 ,at 3 )), where a ^ 1, is not simple. 

Proof. Let 's consider the tangent space to the -orbit. It is generated by the following 8 vec- 
tors: ((t 2 ,0),(t 2 ,0)), ((0, t 2 ), (0, i 2 )), ((t 3 , 0), (at 3 , 0)), ((0, i 3 ), (0, at 3 )), ((2t 2 , 3i 3 ), (0, 0)), ((i 3 , 0), (0, 0)), 
((0,0),(2i 2 ,3crf 3 )), ((0,0), (2t 3 ,Q)). Note, that 

((0, 0), (2t 2 , 3ai 3 )) - 2((i 2 , 0), (t 2 , 0)) + ((2t 2 ,3i 3 ), (0, 0)) = 3((0, t 3 ), (0, at 3 )). 

So, these vectors are linearly dependent and we can remove ((0,i 3 ), (0,crf 3 )) from the list above. Hence it is 
obvious that the tangent space to the ^4/ 3 ) -orbit does not contain the vector ((0,0), (t 3 ,0)) from the tangent 
space to our 1-dimensional submanifold. But if the tangent space to the ^4' 3 ' -orbit does not contain the tangent 
space to the submanifold, for each point of it, the multigerm fails to be simple. □ 

Let us consider the 2-jet ((i 2 ,0), (0,t 2 )) first. 

Lemma 17. Any simple multigerm with the 2-jet of the second component (0, t 2 ), such that the first component 
equals (2,2m + 1) and the invariant pair of the second component is greater than or equals (2,2m + 1), is 
equivalent to one from the forms 2.1.1-2.1.3. 

Proof. We shall not calculate tangent spaces in obvious cases, but in other cases we have to do it. In J 2m a 
complete transversal is trivial for any m. In J 2m + 1 it is equivalent to 

( (t 2 , at 2m+1 , 0) , (bt 2m+1 , t 2 , ct 2m+ 1 ) ) . 

There exists m such that a ^ (we suppose that the multiplicity of the first component is less than or equals 
the second one). If c ^ then we obtain ((t 2 , t 2m+1 ) : (0, t 2 , t 2m+1 )). It is clear, that this multigerm is (2m + 1)- 
determined, i.e., we obtain 2.1.3, n = m. Now suppose c = 0. If b ^ then using multiplications of co-ordinates 
in the target and parametrs in the sources by constants we obtain 

((t 2 ,t 2m+1 ),(t 2m+1 ,t 2 )). (4) 

If b = we obtain 

((i 2 ,i 2m+1 ),(0,i 2 )). (5). 

We shall discuss (4) later. Now consider (5). In J 2n a complete transversal is trivial for any n. In J 2n+1 a 
complete transversal is given by 

((t 2 ,t 2m+1 ,0),(bt 2n+1 ,t 2 ,ct 2n+1 )). 
If c ^ then we obtain 2.1.3. If c = and fc^Owe obtain the (2n + l)-jet 

((t 2 ,t 2m+1 ),(t 2n+1 ,t 2 )). 

Starting from this moment, it is not important for our consideration that n > m, so we can also consider 
(4). A complete transversal in J 2n + 2 is trivial. Let 's consider it in J 2n+3 . We can simply obtain the fol- 
lowing vectors: ((2t 2n+3 , 0), (0, 0)) and ((0, 0), (0, 2t 2n+3 )). Note, that the tangent space contains the vector 
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((0,t 2n+3 ), ((o,i 2 +( 2n + 1 )("- m + 1 ))), the power of the last monomial is greater than or equals 2n + 3. So, the 
tangent space contains ((0, t 2n+3 ), (0, 0)). Now, we want to obtain the vector ((0, 0), (t 2n+3 , 0)). It is obvi- 
ous, if we note that the tangent space contains ((t 2m + 3 , 0), (t 2n+3 , 0)), ((2i 2m + 3 , (2m + l)i 4m+2 ), (0, 0)) and 
((0, t 4m+2 ), (0, i( 2m + 1 )( 2 "+ 1 ))) j the power of the last monomial is greater than 2n + 3. After it we can conclude 
that a complete transversal is equivalent to 

((t 2 7 t 2m+1 ),(t 2n+1 ,t 2 ,at 2n+3 j). (6) 

Now we shall prove, for every a, that this (2n + 3)-jet is L -determined. If, using left equivalence, we eliminate 
a monomial with even degree in one component, then we obtain a monomial of higher degree in another 
component, so we have to eliminate monomials of odd degree. 

Let 's consider the (2n + 2k + l)-jet (k > 2) of our multigerm. We shall eliminate the monomial t 2n+2k+1 in 
the second component. Our construction does not depend on a in (6). We can obtain this monomial as x\x\. 
In the first component we obtain £( 2m + 1 )fc+ 2 . Now we have two possibilities: k = 2i or k = 2i + 1. 

In the first case we consider our multigerm in J 2n+4l+1 ,i > 1 and our monomial in the first component is 
£2i(2m+i)+2 j£ can k e obtained as xf m+1 ^ l+1 . So, in the second component we obtain a monomial of degree 
(2n + l)((2m + l)i + 1) = 2n + 1 + (2n + 2m + 1 + 2nm)i > 2n + 1 + 4i. 

In the second case we consider our multigerm in J 2n+4l+3 7 i > 1. The monomial in the first component is 
£2j(2m+i)+2+2m+i^ ^ can ^ e Stained as x^ m+ +1 X2- So, in second component we obtain a monomial of degree 
(2n + l)((2m + l)i + 1) + 2 = (2n + 2m + 2mn + l)i + 2n + 3 > 2n + 4i + 3. 

In this construction we did not use that n > m, so it is suitable for eleminating the monomials in the first 
component as well. 

Therefore, in (6), if a ^ we obtain the normal form 2.1.2, if a = we obtain the normal form 2.1.1. □ 

Now we suppose that the first component is (t 2 , t 2m+1 ) and the invariant pair of second component is greater 
than or equals (2, 2m + 1). 

Lemma 18. Any pair of curves with the (2m + l)-jet ((2,2m + 1), (0,0,2)) is equivalent to one of the forms 
2.1.4-2.1.6. 

Proof. In J 2 ™+ 1 a complete transversal is equivalent to 

((t 2 ,t 2m+ \0, 0), (at 2n+1 ,bt 2n+ \ t 2 ,ct 2n+1 )). 

If c ^ then we obtain the normal form 2.1.6 which is (2n + l)-determined. If c = and b we have 

((t 2 ,t 2m+1 ,0),(at 2n+1 ,t 2n+1 ,t 2 )). 

One can obtain the vector ((0, 0, 0), (t 2n+1 , 0, 0)) as a linear combination of ((t 2m+ \ 0, 0), (t 2n+ \ 0, 0)), 
({2t 2m +\ (2m + l)t 4m ,0), (0,0,0)) and ((0,t 4m ,0), (0,a 2m t 2m ( 2n+1 \Q)). Then we can use the Mather Lemma 
and obtain the normal form 2.1.5, which is (2n + l)-determined. If b — c = 0, a/0we obtain the normal form 
2.1.4 which is also (2n + l)-determined. □ 

Now we shall consider the 2-jet ((2, 0), (2, 0)). 

Lemma 19. There exist two simple curves with the 2-jet ((2,0), (2,0)): 2.2.1 and 2.2.2. 

Proof. Using Lemma |l^, we have only one possibility for the 3-jet ((t 2 , t 3 , 0), (t 2 , 0, t 3 )). Any 4-jet of this curve 
is equivalent to 

((t 2 , i 3 , 0, 0), (t 2 + at 4 , bt 4 , t 3 + ct 4 , dt 4 ). 

The tangent space to -orbit contains the vectors ((0, 0), (2t 4 , 0)) (so we can suppose a = 0), ((0, t 4 ), (0, t 4 )), 
((2t 3 ,3i 4 ),(0,0)), ((t 3 ,0),(6t 4 ,0)), ((0,0),(2£ 4 ,0)) (so we can suppose b = 0), ((0, 0, 0), (2t 3 , 0, 3t 4 )), 
((0,0,0),(£ 3 + ci 4 ,0,0)) and ((0, 0, 0), (2t 4 , 0, 0)) (so we can suppose c = 0). Hence, if d / we obtain the 
first curve, if d = we obtain the second curve. Note, that both this 4-jets are 4-determined. □ 

Lemma 20. The family of 5-jets 

((i 2 ,t 3 ,0),(t 5 ,i 4 + at 5 ,i 3 )) 

is not simple. 
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Proof. Simple calculations in J 5 show that the tangent space to the A^ -orbit does not contain the vector 
((0, 0, 0), (0, t 5 , 0)), so a is a module in our family. □ 

Now we have to consider the case when the multiplicity of the second curve equals 3 and the first curve 
is (t 2 ,t 3 ). Curves from the other cases are adjacent to the family from Lemma |l6|. More exactly, we have to 
consider the 3-jet ((t 2 , t 3 , 0), (0, 0, t 3 )). 

Lemma 21. Every simple pair with the 3-jet as above is equivalent to one of 2.2.3-2.2.12. 
Proof. A complete transversal in J 4 is equivalent to 

({t 2 ,t 3 ),{at 4 ,bt 4 ,t 3 ,ct 4 )) 

Let 's suppose that c ^ 0. Then our 4-jet is equivalent to ((t 2 , t 3 , 0, 0), (0, 0, t 3 , i 4 )). This jet is 5-determined. 
The tangent space to its A( 5 )-orbit contains the vectors ((0, 0, 0, 0), (0, 0, t 5 , 0)), ((0, 0, 0, 0), (0, 0, 3i 4 , 4t 5 )) and 
((0, 0, 0, 0), (0, 0, t 4 , 0)), so we obtain the curves 2.2.3-2.2.6. 

Now let us consider the case c = 0. If b ^ this 4-jet is equivalent to 



If b = 0, a^0 this 4-jet is equivalent to 
If a = b — we obtain 



((t 2 ,t 3 ,0),(0,t 4 ,t 3 )). (7) 

((t 2 ,t 3 ,0),(t\0,t 3 )). (8) 
((i 2 ,i 3 ,0),(0,0,t 3 )). (9) 



Now we have to consider the 5-jet. Using Lemma |20| we see that in the second component the fourth co-ordinate 
equals t 5 . In (7) and (8) we obtain the normal forms 2.2.7 and 2.2.8, which are 5-determined. In (9) we see that 
a complete transversal in J 6 is trivial and this curve is 7-determined. So we obtain the normal forms 2.2.12, 
2.2.11, 2.2.10 and 2.2.9. □ 



Part II 

Multigerms with three and more components 

Lemma 22. Simple multigerm can not contain three nonregular components. 

Proof. A non-regular curve is ajacent to the curve (2,3). That is why the first curve is adjacent to (2,3), the 
second one to (0, 0, 2, 3) and the third one to (0, 0, 0, 0, 2, 3). Note that the third curve in the triple is ajacent to 
(0, 0, 1, 0, 2, 3) therefore the triple is ajacent to ((2, 3, 0, . . .), (0, 0, 2, 3, 4, 0), (0, 0, 1, 0, 0, 3)). By changing indexes 
of axis and curves we can obtain the triple ((1, 0, 0, 0, 0, 3), (0, 2, 3, 0, 0, 0), (2, 0, 0, 3, 4, 0)). The second and the 
third curves are ajacent to curves with the 2-jet (1,2). So it is remaines to prove that a triple with the 2-jet 
((1, 0), (1, 2), (1, 2)) is not simple. Therfore we have to prove the following statement. □ 

Lemma 23. A triple with the 2-jet ((1,0), (1,2), (1,2)) is not simple. 

Proof. Consider the 4-dimensonal subspace of the space of 2-jets: 

((t,Q), (aiti,a 2 tl), (ast2,a 4 tl)),ai ^ 

Using -changes each such triple can be reduced to the same form with a\ — a 2 — 1. Note, that if one can 
reduce the 2-jet to the form, where ct% — /?i,Q!4 = (3 2 , then one can do it using only the following changes: 
x = ax, y = by, t\ = ct\ and t 2 = dt 2 . Hence we have the following equations for a, b, c, d: 

ac = ad = 1, a^bc 2 — [3i, a^bd 2 — f3 2 . 

Therefore we have c = d = a . Then a^ba^ 2 — Pi and a 4 ba~ 2 — /3 2 - And it implies that a^/Pi = a 2 b~ l = 
a\l ' (3 2 . So the 2-jet under consideration has a continious invariant a^/a^, i.e., it is not simple. □ 
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6 Multigerms with regular components 



Lemma 24. Any simple multigerm with all regular components is equivalent to one of 3.1-3.5. 

Proof. Consider the 1-jet of our multigerm. Suppose that first n curves can be (and are) reduced to the form 
G n and the 1-jets of all other curves have zero co-ordinates with number greater than n (otherwise one can 
reduce n + 1 curves to the form G n +i). If the total number of curves is equal to n, we obtain the normal form 
3.1. 

Suppose that n > 2. Then our multigerm can not contain more than (n + 1) components. The reason is that 
(n + 2)-lines in C™ is not a simple multigerm. For n = 2 they have a continious invarian — double ratio. For 
n > 2 consider the space of 1-jets of k lines in C n . It is nfc-dimensional. The dimension of the tangent space 
to the L^-orbit is less than or equals n 2 . The dimension of the tangent space to the i?W-orbit is less than 
or equals k. For our multigerm to be simple it is necessary to have nk < n 2 + k i.e., k < n + 1 + ^ry- Hence 
k < n + 1. 

So, we have G n and a non-singular curve with zero co-ordinates with numbers greater than n. By R^- 
transformations and permutations of curves and co-ordinates we can reduce the 1-jet to G n and 
(£, . . . , £, 0, . . . , 0), where 1 < k < n. If k > 2 we obtain the normal form 3.2 (since x\x™ equals t™+± for the 

k 

last curve and zero for first n curves, m > 1). If k = 1 we move to higher jets. A complete transversal in J m is 
equivalent to 

G n , (t, o,\t m , ■ ■ ■ , a n t m ). 

If a n ^ we obtain the normal form 3.4. If a n = and there exists j such that aj ^ we obtain the normal 
form 3.3 (since it is m-determined). 

Now suppose n=l. There are at least 3 components in our multigerm. If the multigerm has at least 4 
components, then it fails to be simple, since its 1-jet is adjacent to 4 lines in C 2 . So, the multigerm contains 
3 components. Note, that by lemma |25| the family ((ti,0), (£2, £2)7 (*3) a *I)) i s not simple. So we have only one 
possibility for the 2-jet: ((£1, 0, 0), (£2, (t| , 0), (£3, 0, £§)).This jet is 2-determined and we obtain the normal form 
3.5. " □ 



7 Multigerms with one non— regular component 

We can suppose that the regular part of the multigerm is equivalent to one of 5 forms from the previous section 
(see Lemma or to ((£1, 0), (£2, £2™))- The forms 3.2-3.4 are not suitable, since if we add to it one non-regular 
curve, the 1-jet of the multigerm will be adjacent to (n + 2) lines in C™, which is not simple. If we add one 
non-regular curve to the normal form 3. 5, the 1-jet of the multigerm would adjoin to 4 lines in C 2 . So we have 
2 possibilities for the regular part: G n or ((£i,0), (isjijp))- First consider the case, when the multiplicity of the 
singular component equals 2 and the regular part of the multigerm is G n . 

Lemma 25. Any simple multigerm with the 2-jet (G n , (0, . . . , 0, £ 2 )) is equivalent to 4.1.1 or 4.1.2. 

n 

Proof. A complete transversal in J 2m is trivial for any m. A complete transversal in J 2m + 1 is equivalent to 

r ( n f2m+l „ +2m+l f 2 ,2m+l\ 

{uxt ,...,a n i ,1 ,a n+ ii ). 

If a n +i ^ we obtain the normal form 4.1.1. If a n+ i = but there exists j such that aj ^ we obtain the 
normal form 4.1.2 (k depends on the number of coefficients Oj different from zero). □ 

Now, we shall consider other 2-jets: G n , (£ 2 , . . . ,£ 2 ) 1 < k < n. This 2-jet is not enough, so we move to 

k 

3-jets. A complete transversal in J 3 is equivalent to 

(G w , (£ 2 + ai£ 3 , . . . , £ 2 + a fe £ 3 , a fe+ i£ 3 , . . . , a„+i£ 3 )). (10) 

First, consider a n +i 7^ 0. 
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Lemma 26. Any simple multigerm with the 3-jet G„, (t 2 , . . . , t 2 , 0, . . . , 0, i 3 ) is equivalent to one of 4. 1.3-4. 1.5. 

n—k 

Proof. The normal form 4.1.3 is 3-determined since xix 2 — t 4 . Consider the 3-jet (G n , (i 2 ,0, . . . , 0,i 3 ). It is 

n-l 

5-determined so we have to consider the 4-jet. A complete transversal in J 4 is equivalent to 

(G n , (t 2 , b 2 t 4 , . . . , b n t 4 , t 3 + b n+ it 4 , b n+2 t 4 )). 

If b n +2 ^ we obtain the normal form 4.1.4 which is 4-determined. If b n+2 = we can eliminate t 4 in the 
first and (n + l)-st co-ordinates, since the tangent space to the -orbit contains the vectors: (2i 4 , 0, . . . , 0), 
(2t 3 , . . . , 0, St 4 ) and (t 3 , 0, . . . , 0). Hence we obtain the normal form 4.1.5 (k depends on the number of 

n-l 

coefficients bj different from zero). □ 

Now, suppose that a n+ \ = in (10). We shall proof that n can nott be greater than 2. 
Lemma 27. The 3-jet G n , (ait 2 + bit 3 , . . . , a n t 2 + b n t 3 ) is not simple if n > 2. 

Proof. The dimension of the submanifold of such jets (in j( 3 ))equals 2n. Now we shall estimate the dimension 
of the stabilisator of the regular part i.e., the subgroup in A^ which preserves the regular part. The dimension 
of the tangent space to the L^-orbit is less than or equals n, since it is generated by the images of the vectors 
(0, . . . , 0, Xj, 0, . . . , 0) with 1 < j < n. The dimension of the tangent space to the i?( 3 )-orbit is less than or 

j'-i 

equals 2, since it is generated by the images of two vectors: t and t 2 . Hence the dimension of the tangent space 
to the A^-orbit is less than or equals (n + 2). If the dimension of the tangent space is less than the dimension 
of the submanifold then this 3-jet fails to be simple. Hence n + 2 > 2n i.e., n < 2. □ 

So, if in (10) a n+ i — then n = 2. Consider this case in detail. First suppose that k = n = 2 in (10). 

Lemma 28. Any simlpe multigerm with the 3-jet (10), where k = n = 2, is equivalent to one of 4.2.1-4.2.3. 

Proof. We shall describe all simple multigerms with the 2-jet (G 2 , (t 2 ,t 2 )). A complete transversal in J 2m (m > 
1) is trivial for any m. In J 2m+1 it is equivalent to (G 2 , (t 2 ,t 2 + at 2m+1 , bt 2m+1 )) since the tangent space to 
the Af m+1) -orbit contains the vector (2i 2m+1 , 2t 2m+1 ). If b ^ we obtain the normal form 4.2.1 since it is 
(2m + l)-dctcrmincd. If b = and a ^ we obtain the (2m + l)-jet (G 2 , (t 2 ,t 2 + t 2m+1 )) which is (2m + 3)- 
dctermined, since xix 2 — x\x 2 is equal to t 2m+5 + higher order terms for the singular component and to zero 
for both regular components. Hence we have to move to the (2m + 3)-jct. A complete transversal in j( 2m + 3 ) i s 
equivalent to 

(G 2 ,(t 2 ,t 2 +t 2m +\ct 2m + 3 )). 

This is so since the tangent space to the A^ 2m+3 '-orbit contains the vectors vi — (2t 2m+3 , 2t 2m+3 ), v 2 = 
(2t 4 ,2t 4 + (2m + l)t 2m + 3 ), v 3 = (t 4 + t 2m+3 ,0) and v 4 = (0,t 4 + t 2m + 3 ). Vl + v 2 - 2v 3 - 2v 4 is equal to 
(0, (2m + l)i 2m+3 ) for the singular component and to zero for both regular components. If c ^ we obtain the 
normal form 4.2.2, if c = we obtain the normal form 4.2.3. □ 

Remark: If m = 1 in the normal form 4.2.1 we obtain the normal form 4.1.3 with k = n = 2. 
Now we shall consider n = 2, k = 1 in (10). 

Lemma 29. Any simple multigerm with the 2-jet (G 2l (t 2 ,0)) is equivalent to one of 4.2.4-4.2.22. 

Proof. Consider a complete transversal in J 2m+1 . It is equivalent to 

(G 2 ,((t 2 ,at 2m+1 ,bt 2m+1 )). (11) 

Suppose 6^0. We obtain the (2m + l)-jet (t 2 , 0, t 2m+1 ). This jet is 4m-determined since x\ is equal to t 4m+2 
for the singular curve and to zero for the regular ones. This jet is not enough, so we have to move to higher 
jets. A complete transversal in J 2n+1 is trivial for any n. Consider it in J 2n (n < 2m). It is equivalent to 

(G 2 , (t 2 ,ct 2n , t 2m+1 + alt 2n , et 2n )). (12) 
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If e 7^ we obtain the normal form 4.2.4. If e = and c ^ / d wc obtain the normal form 4.2.5 if 
n < 2m. If n = 2m we can eliminate t 2n in the third co-ordinate, since the tangent space to the A^ 2n ^- 
orbit contains the vectors (2i 2m+1 ,0, (2m + l)t in ) and (i 2m+1 ,0,0). Hence we obtain the normal form 4.2.6 
(n = 2m). If d = and c / we also obtain the normal form 4.2.6. Now suppose c = and d 7^ 0. 
We obtain the (2n)-jet (t 2 ,Q,t 2m+1 + t 2n ), where n < 2m. We have to consider a complete transversal in 
J 21 (n < I < 2m). It is equivalent to (i 2 ,pt 21 ,t 2m+1 + t 2n ,qt 21 ) since the tangent space to the A( 2/ )-orbit 
contains (2i 2 ( 1+i - n ), (2m + i)£2(m+l-n)+i + 2n t 21 ) and (0, ^(m+i-n)+i + ^) if g ^ o we obtain the normal 
form 4.2.7. If q = and p^Owe obtain 4.2.8. If p = and g = 0, for every I such that n < I < 2m, we obtain 
4.2.9. Ifc = d = e = 0in (12) we obtain the normal form 4.2.10. 

Now suppose 6 = and a ^ in (11). We have the (2m + l)-jet (t 2 , t 2m+1 ). It is (4m + 2)-determined, since 
x\x\ is equal to t 4m+4 for the singular curve and to zero for regular ones. A complete transversal in J 2n+1 is 
trivial for any n. In J 2 ™, where m < n < 2m + 1, it is equivalent to 

G 2 ,{t 2 ,t 2m+1 +ct 2n ,dt 2n ). (13) 

If d we obtain the normal form 4.2.11. If d = and c^Owe move to higher jets. We suppose n < 2m + 1, 
since if n = 2m + 1 the tangent space to the A^ im+2 ^ -orbit contains the vectors: (2i 2m+3 , (2m + l)i 4m+2 ) and 
(i 2m + 3 , 0). A complete transversal in J 21 , where n< I < 2m + 1, is equivalent to (t 2 , t 2m+1 + t 2n ,et 21 ). If e ^ 
we obtain the normal form 4.2.12. If e = for every I such that n < I < 2m + 1, we obtain the normal form 
4.2.13. If in (13) c = d = for every n such that m < n < 2m, we obtain the normal form 4.2.14. 
Now we shall consider a complete transversal in J 2m . It is equivalent to 

(G 2 ,(t 2 ,at 2m ,bt 2m )). (14) 

Suppose a ^ or b ^ 0. This jet is not finite determined, so we need to move to higher jets. In J 2n (m < n) 
a complete transversal is trivial for any n. 

First, suppose 6^0. Then this (2m)-jct is equivalent to (G 2 , (i 2 , 0, t 2m )). In J 2 ™+ 1 (m < n) a complete 
transversal is equivalent to 

(t 2 ,ct 2n +\t 2m + dt 2n +\et 2n+1 ). 

If e ^ we obtain the normal form 4.2.15, which is (2n + l)-determined. Now suppose e = 0. If c ^ and 
d 7^ we obtain the normal form 4.2.18, where I = n. If c ^ and d = we obtain the normal form 4.2.16. 
These both forms are (2n + l)-determined. Now suppose c = e = and <i ^ 0. Then we have the (2n + 1)- 
jet {t 2 ,0,t 2m + t 2n+1 ). This jet is (2(m + n) - l)-determined, since x\ - x^x z is equal to £2(m+«)+i for thc 
singular component and to zero for the regular ones. A complete transversal in J 21 is trivial for any I. In J 2l+1 
(n < I < m + n) it is equivalent to 

G 2 ,(t 2 ,pt 2l+1 ,t 2m + t 2n +\qt 2l + 1 ) 

since the tangent space to the ^ 2 ' +1 )-orbit contains thc vectors (2£ 2 ( 1+ '-"), 0, 2mi 2 ( m+ '-™) + (2n+ l)t 2l+1 ) and 
(0, 0, t 2 ( m + ; -«) + t 2l+1 ). If q ^ we obtain thc normal form 4.2.17. If q = and p ^ we obtain the normal 
form 4.2.18. If p = q = for every I such that n < I < m + n, we obtain the normal form 4.2.19. 

Now, suppose b — and a 7^ in (14). We obtain the 2m-jet (G 2 , (t 2 ,t 2m )). A complete transversal in J 2n 
is trivial for any n. In J 2 ™+ 1 m < n it is equivalent to (G 2 , (£ 2 , t 2m + ct 2n+1 , dt 2n+1 )). Suppose d ^ 0. We obtain 
thc normal form 4.2.20 which is (2n+ l)-dctcrmined. If d = and c 7^ we have the (2n+l)-jet (i 2 , i 2m + t 2n+1 ) 
which is (2(m + n) + l)-determined since x\x\ is equal to t 2< - m+n ^+ 3 for thc singular component and to zero for 
the regular ones. A complete transversal in J 2l+1 (n < I < m + n) is equivalent to (t 2 ,t 2m + t 2n+1 , et 2l+1 ). If 
e 7^ we obtain the normal form 4.2.21. If e = for each I such that n < I < m + n, we obtain the normal form 
4.2.22. □ 

Now we shall consider multigerms with the regular part G n and the multiplicity of the singular component 
is greater than or equals 3. First we shall consider the 3-jet (G n , (0, . . . , 0, t 3 )). 

n 

Lemma 30. Any multigerm with the 5-jet (n > 1) 

{G n , (ait 3 + M 4 + Cl t 5 , . . . , a n+1 t 3 + b n+1 t 4 + c n+1 t 5 )) 

is not simple. 
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Proof. The dimension of the submanifold of such jets in J 5 is equal to 3rt+3. Let us estimate the dimension of the 
orbit at points of the submanifold under the action of the stabilisator of the regular part. It is generated by the 
images of the following vectors from L^ 5 '; (0, . . . , 0, Xk,0, . . . ,0), 1 < k < n + 1, and (0, . . . , 0, x n+ i,0, . . . , 0), 1 < 

fc-i fc-i 
k < n. Hence the dimension of the orbit under the action of elements from IA 5 ) is less than or equals (n+l)+n = 
2n + 1. Only t, t 2 and t 3 can give rise to non-zero vectors. Hence the dimension of the tangent space to the 
i?( 5 )-orbit is less than or equals 3. Now one can see that the dimension of the tangent space to the j4A 5 )-orbit at 
points of the submanifold is less than or equals 2n + 4. By similar resoning as in Lemma |2?j we conclude that 
if the multigcrm is simple then 3rt + 3 < 2n + 4, i.e., n < 1. We have a contradiction with the condition of the 
Lemma. □ 



Lemma 31. Any simple multigerm with the 3-jet (G n , (0, . . . , 0, t 3 )), n > 1, is equivalent to one of 4.1.6 - 

n 

4.1.10. 

Proof. A complete transversal in J 4 is equivalent to (ait 4 , . . . , a n t 4 , t 3 , bt 4 ) If 6 ^ we have the 4-jet 
(0, . . . , 0, t 3 , t 4 ). A complete transversal in J 5 is equivalent to (cit 5 , . . . , c n t 5 ,t 3 , t 4 , dt 5 ). For any c and d this jet 
is 5-determined. If d ^ we obtain the normal form 4.1.6. If d = we obtain the normal form 4.1.7. If b = 
the 4-jet is equivalent to (t 4 , . . . , t 4 , 0, . . . , 0, t 3 ). Using Lemma ^ we note that there is only one possibility for 



the 5-jet: 



If k ^ this jet is 5-determined and we obtain the normal form 4.1.8. If k = we move to higher jets. A 
complete transversal in J 6 is trivial. A complete transversal in J 7 is equivalent to (pit 7 , . . . ,p n t 7 ,t 3 ,t 5 ,qt 7 ). 
If q ^ this 7-jet is 7-dctcrmined and we obtain the normal form 4.1.9. If q = and there exists i such that 
Pi we obtain the normal form 4.1.10. If q = 0, and for each i pi — we obtain the normal form 4.1.8 with 
k = which is 7-determined. □ 

Now we shall complete the classification of multigerms with non-zero 3-jet of the singular component and 
the regular part G n . At first, note that n = 2 since the 3-jet satisfies the conditions of Lemma ^7]. It is obvious, 
that we have the following possibilities for 3-jet of the singular component: (0,0, t 3 ), (t 3 ,t 3 ,0) and (t 3 ,0, 0). 
(0, t 3 ,0) we don' t consider cause it can be obtained from the last 3-jet by permutations of co-ordinates and 
components. 

Lemma 32. Any simple multigerm with the 3-jet as above is equvalent to one of 4.3.1-4.3.4. 

Proof. Using Lemma we conclude that 5-jet is equivalent to (ait 3 , o^i 3 , i 4 , t 5 ). If cti ^ and 02 7^ then we 
obtain the normal form 4.3.1 which is 5-determined. Let a-i = and ai ^ 0. We have the 5-jet (t 3 , 0, t , i 5 ). This 
jet is 6-determined, so we have to consider a complete transversal in J 6 . It is equivalent to (t 3 , bt 6 , t 4 , t 5 , ct 6 ) 
since the tangent space to the A^-orbit contains the vectors: (it 4 , 0, 4t 5 , 5t 6 , 0), (t 4 , 0, 0, 0, 0), (0, 0, t 5 , 0, 0) and 
(3t 5 ,0, At 6 , 0). If c 7^ in (10) we obtain the normal form 4.3.2. If c = and b ^ we obtain the normal form 
4.3.3. If b = c = we obtain the normal form 4.3.4. □ 

Now we shall consider multigerms with zero 3-jet of the singular component. Using Lemma |2^ we conclude 
that n = 2, moreover by Lemma ^TJ there is only one possibility for the 5-jet: (G2, (0, 0, t 4 , £ 5 )). 

Lemma 33. Any multigerm with the 7-jet 

(G 2 , (ait 4 + bit 5 + cit 6 + dit 7 , a 4 t 4 + b 4 t 5 + c±t 6 + d 4 i 7 )) 

is not simple. 

Proof. The dimension of the submanifold of such jets in J 7 is equal to 16. Let us estimate the dimension of the 
orbit at points of the submanifold under the action of the stabilisator of the regular part. It is generated by 
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the images of the vectors: (0, . . . , 0, Xi) 1 < i < 4, (0, 0,0, x 3 ), (0, 0,X4,0); (ay, 0,0,0), (0, Xj, 0, 0), j = 1,2. 

i-i 

Hence the dimension of the orbit under the action of elements from l/ 7 ) is less than or equals 4 + 3 + 3 = 10. 
Only t, t 2 , t 3, and i 4 can give rise to non-zero vectors. Hence the dimension of the tangent space to the orbit 
under the action of elements from is less than or equals 4. Now one can see that the dimension of the 
tangent space to the orbit at points of the submanifold is less than or equals 10 + 4 = 14. Since 16 > 14, the 
multigerm is not simple. □ 

Lemma 34. Any simple multigerm with the 5-jet (G2, (0, 0,t , t 5 )) is equivalent to one of 4.3.5^.3.11. 

Proof. A complete transversal in J 6 is equivalent to 

(at 6 ,bt 6 ,t 4 ,t 5 + dt 6 ,ct 6 ). (15) 

Since the tangent space to the A( 6 )-orbit contains the vectors (0, 0, 4t 5 , 5i 6 ), (0,0, t 5 +dt 6 : 0) and (0, 0,4i 6 ,0), 
we can suppose d = 0. If c / we have the 6-jet (0, 0, i 4 , i 5 , t 6 ). This jet is 7-determined, so we move to J 7 . A 
complete transversal is equivalent to (pt 7 , qt 7 , t A , t 5 , t 6 , rt 7 ) . If r ^ we obtain the normal form 4.3.5. If r = 
but p / and q ^ we obtain the normal form 4.3.6. If p = r = and g^0ori| = r = and p ^ we 
obtain the normal form 4.3.7 (these both cases are equivalent since we can permutate co-ordinates and regular 
components). Iip = q = r~Q we obtain the normal form 4.3.8. 

If c = in (15), we have (by similar reasoning ) three possibilities for the 6-jet: (t 6 ,t 6 ,t i ,t 5 ), (t e ,0,t 4 ,t 5 ) 



and (0, 0, t , t 5 ). Using Lemma 33 we see that there is only one multigerm for each of these three 6-jets — the 



normal forms 4.3.9-4.3.11. All of them are 7-determined. □ 

We have completely considered simple multigerms with one singular component and the regular part G n . 
Now we have to consider multigerms with one singular component and the regular part 

((h,0),(t 2 ,t?)). (16) 

Lemma states that a multigerm with the 2-jet 

((ti,0) s (t 2s t§),(t 3 ,at§)) (17) 

is not simple. Since the third component of our multigerm is singular we obtain m = 2 in (16) (if m > 2 the 
2-jet of our multigerm is adjacent to ((ti,0), (*2,0), (0,at 2 )) which is adjacent to the family (17) ). Moreover 
there is only one possibility for the 2-jet: 

((i!,0,0),(t 2 ,ti0),(0,0,i 2 )). (18) 



Lemma 35. Any simple multigerm with the 2-jet (18) is equivalent to one of 4.4.1-4.4.3. 

Proof. The 2-jet (18) is not finite determined. A complete transversal in J 2m is trivial for any m. In J 2m+1 it 
is equivalent to ((*i,0), (t 2 ,t%), (at 2m+1 , bt 2m+1 , t 2 , ct 2m+1 )) . If c ^ we obtain the normal form 4.4.1, which is 
(2m + l)-dctcrmincd. If c = and 6^0 then the jet is equivalent to 

(t u 0),(t 2 + atlt 2 ),(0,t 2m +\t 2 ). 

Since the tangent space to the A( 2m+1 )-orbit contains the vectors (we write only non-zero (the second) compo- 
nent): (t 2 + 2at\, 2t\), (if + at\, 0), (0, t% + at|), (t\, 0) and (0, t|) then the tangent space also contains 0). 
Hence by the Mather Lemma we conclude that the (2m + l)-jet is equivalent to the normal form 4.4.2. If 
b = c = and a^Owe obtain the normal form 4.4.3. □ 



16 



8 Multigerms with two singular components 

Lemma |2^ states that the family of 2-jets 

((t,0),(*i,*?),(*2,at|)) (19) 

is not simple. 

Suppose that the multigerm contains n regular components and two singular ones. Then the 1-jet of the 
multigerm is adjacent to (n + 2) lines in C™. In the proof of Lemma |24| we saw that if n > 1 then this 1-jet is 
not simple. Hence the multigerm contains three components: one regular and two singular. 

The 2-jet of the multigerm is equivalent to 

((t,0,0),(0, *?,()), (0,0,$) (20) 

since it can not be adjacent to (19). 
Lemma 36. The multigerm with the 3-jet 

((t, 0, 0), (ait? + 6it?, as*? + Mi, a 3 *? + Mi), (a 4 t 2 + b 4 t 3 2 ,a 5 t 2 + b 5 t 3 , a e t 2 + b 6 t 3 2 )) 

is not simple. 

Proof. The dimension of the submanifold of such jets in J 3 equals 12. Let us estimate the dimension of the 
orbit at points of the submanifold under the action of the stabilisator of the regular part. The dimension of the 
orbit under the action of elements from is less than or equals 3 + 2 + 2 = 7. The dimension of the orbit 
under the action of elements from is less than or equals 2 + 2 = 4 Now one can see that the dimension of 
the tangent space to the orbit at points of the submanifold is less than or equals 7 + 4 = 11 < 12. □ 

We shall not write the regular component (we suppose it equals (t, 0, 0)). Using Lemma ^ we can suppose 
that the second singular component equals (0, 0,t|,t|)- 

Lemma 37. Any simple multigerm with the 2-jet (20) is eguvalent to one of 5.1-5.6. 

Proof. A complete transversal in J 2m is trivial for any m. In J 2m + 1 a complete transversal is equivalent to 

(at 2m+ \t 2 ,bt 2 1 m+ \ct 2 r + \dt 2 1 m+1 ) 

(we write only the second component, the first and the third components are not changed). If d ^ we obtain 
the normal form 5.1. If d = and c^Owe can suppose c = 1. The tangent space to the ^.( 2m+1 ) -orbit contains 
the vectors (we write only the singular components): ((0, 0, t\ m+1 , 0), (0, 0, if, 0)), ((0, 0, 0, 0), (0, 0, 2t% 3^)) and 
((0,0,0,0), (0, 0,0, t 2 )). So, using the Mather Lemma we can suppose 6 = 0. If a ^ we obtain the normal 
form 5.2. If a = we obtain the normal form 5.3. 

Now suppose c = d = 0. If a ^ and b + 1 we obtain the normal form 5.4. If b + 1 and a = we 
obtain the normal form 5.5. If b = and a / we obtain the normal form 5.6. All these normal forms are 
(2m + l)-determined. □ 
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